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Electroforced Sedimentation of Thick Clay
Suspensions in Consolidation Region

It is shown that the slow settling rates of thickened Gairome clay slur-
ries, when initial concentrations are sufficiently concentrated for settling
due to the so-called consolidation mechanism from the beginning of settling,
can be greatly enhanced by application of D.C. voltages. Equations for set-
tling due to the consolidation mechanism are developed in view of the in-
fluence of the gravitational and the applied electric field. It is demonstrated

MOMPEI SHIRATO
TSUTOMU ARAGAKI
AKIRA MANABE

Department of Chemical Engincering
Nagoya University, Chikusa, Nagoya, Jopan

that the settling rates increase remarkably with increasing electric field in- and

tensity. The settling rates and the porosity distributions in settling sedi-
ments calculated by the new equations compare favorably with experimental

observations,

NOBUHIKO TAKEUCHI

Department of Chemical Engineering
Hiroshima University, Senda-cho, Hiroshimga, Japan

SCOPE

It has long been known that a charged region, called
the electric double layer, appears at the interface between
a suspended particle and the surrounding water. In an
external D.C. electric field, the presence of the electric
double layer causes effects on particle and liquid motion
that are generally known as electrokinetic phenomena.
Only a few industrial applications of these phenomena
have been found, mainly in water clarification, cake and
soil dehydration, and refining of natural clays. The works

by Moulik et al. (1967) and Yukawa et al. (1971, 1972)
imply a possibility of applications in filtering hard to filter
materials such as bentonite clay and colloidal suspensions.

The present study is concerned with sedimentation due
to consolidation of highly concentrated suspensions in D.C.
electric fields. Its main objectives are to make clear the
effects of electric fields on settling rates experimentally and
to develop a basic mathematical method for analyzing elec-
troforced settling behavior.

CONCLUSIONS AND SIGNIFICANCE

Sedimentation processes of highly concentrated slurries
have been widely employed in sludge treatment and in the
chemical and metallurgical industries. There exists a limit-
ing slurry concentration for settling under the so-called
consolidation mechanism. Settling rates due to consolida-
tion are usually very low, and techniques for enhancing
these rates could be useful.

The aggregate-floc model by Michaels and Bolger (1962)
enables one to estimate the value of the limiting slurry

0001-1541-79-2759-0855-801.05. © The American Institute of Chem-
ical Engineers, 1979,
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concentration mentioned above. If the initial concentra-
tion of suspension is higher than the internal solid con-
centration of aggregates, only flocs, resulting from the per-
fect collapse of all aggregates, can exist in the suspension.
Consequently, consolidation will occur from the beginning
of sedimentation. In accordance with Michaels and Bolger’s
concept, preliminary settling experiments were carried out
for Mitsukuri Gairome clay deionized water suspensions,
and with the aid of a modified form of Richardson and
Zaki’s equation (Richardson and Zaki, 1954; Shirato et al.,
1970), the limiting solid concentration was determined as
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3.44 vol9;, for the suspension used in this study. Compres-
sion-permeability characteristics of suspended solids at low
compressive pressures, which play an important role as a
basic tool for investigating the internal structures of set-
tling sediments, are obtained by settling experiments
(Shirato et al., 1970),

Settling experiments were conducted under the applica-
tions of various D.C. voltages. It has become apparent that
the settling rates of sediments increase remarkably with
increasing mtensity of electric field, as illustrated in Fig-
ures 8¢ and b, and electroforced sedimentation may be
useful especially for low settling rate suspensions of ex-
tremely fine or colloidal materials.

The settling of concentrated slurries in electric fields is
mathematically analyzed in view of the internal flow
mechanism through sediments, and an electroforced con-
solidation Equation (13) is presented. The equation is
made valid for conventional, gravitational sedimentation

due to consolidation by setting the intensity of the elec-
tric field E at 0.

On the basis of compression-permeability data, time
changes in both sediment height and internal structure
of settling sediments in electric tields are calculated by in-
tegrating Equation (13) numerically. The calculated re-
sults comncide fairly well with experiments when E is not
larger than about 30 v/m.

From measurement of internal porosity distributions in
the sediments, it becomes apparent that an abnormally
strong consolidation takes place in the upper portions of
the settling sediments when E somewhat exceeds 30. It
has also been shown experimentally that for cases where
E is much larger than 30, a remarkable decrease in elec-
tric potential occurs at the surface layers, and the strong
consolidation in the upper portions may be consistent with
the abnormal potential distribution.

ANALYSIS

Fundamental concepts of the so-called consolidation
theory in soil mechanics developed by Terzaghi (lerzaghi
and Peck, 1848) have played a signiicant role in various
dehydration problems (bhirato et al, 1970; Yagi and
Yamazaki, lvou; Mikasa, 1967; Blake and Colombera,
1977; Kormendy, 1964). To invesdgaie the mternal mech-
anism of sedimentation due to consolidation under a D.C.
electric field, a modiucation of Terzaghi's theory has been
used.

Basic Consolidation Equations for Electro Forced Sedimentation

The gravitational and electrokinetic forces acting on
particles in sediments yield the excess hydraulic pressure
pL, and the gradient ot pL causes an upward liquid How
through the porous media, resulting in compaction of the
sediments. As a variable for indicating an arbitrary posi-
tion in settling sediments, it is convenient to use the solid
volume « per unit cross-sectional area of settiing cylinder
measured trom the bottom of the sediments,

Apparent liquid velocity relative to solids u can be
written as
1 apL
paps  dw

u= -

(1)

The local specific resistance o may be related to the effec-
tive specific surface So and the porosity ¢ by Kozeny’s

equation;
kSe?(1 —
«= __°_£_3_‘). (2)
Ps€

In Equation (1), u is directed upward and is consistent
with the positive direction of the  axis.

The basic differential equation relating the change in
u to the change in void ratio e can be obtained from a
mass balance of fluid with respect to a volume element
do in the sediment:

ou de
T 3
Here ¢ is defined by
€
e= 1— e (4)
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To investigate the internal mechanism of settling sedi-
ments, the relation between excess hydraulic pressure pg
and solid compressive pressure ps is needed. In cake filtra-
tion, Tiller {1933}, Collins (1963}, and Shirato and Ara-
gaki (1969) have theoretically derived the pp — p; rela-
tion by considering the balance of forces acting on a dif-
ferential thickness in filter cake. The same procedure can
be applied to electroforced sedimentation due to consoli-
dation.

Under the influence of an external electric field, the
presence of an electric double layer produces an electro-
kinetic force on the surface of the solid particle and also a
torce on the liquid layer in the opposite direction, Be-
cause the latter force acts only on the liquid layer in the
vicinity of the solid surface and not on the remaining part
of the liquid, and because the flow path of the liquid is
extremely tortuous, it may be supposed that this force con-
tributes only to the possible convection of liquid in small
pore spaces and, perhaps, not substantially to the com-
paction of sediment. For simplicity, this force is assumed,
as a first approximation, to be negligible.

The electroforced sedimentation of highly concentrated
suspensions may proceed under the influence of four kinds
of forces, that is, the electro-kinetic force acting on solids,
the gravitational force, the excess hydraulic pressure, and
the solid compressive pressure, as shown in Figure 1.
The pp — ps relation can be determined by taking the
balance of the forces exerted on a differential volume
element dw as

(Lt ) e fpmpg+ ) )

where F can be easily described in terms of the double
layer thickness § and the zeta potential {. Suppose that a
particle of volume ¢, and surface area S, is placed in an
external electric field E. If the size of the particle is much
larger than §, the particle surface can be considered al-
ways as a plane, and the electric charge per particle Q,
may be expressed with sufficient accuracy by the follow-
ing equation for a plane condenser:

_ (DS,
Q=
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Figure 1. Forces acting on an element dw,

The number of particles per cubic meter net solid volume
is 1/v,, and the charge Q per unit volume of solids is
given by

(DS,

dv,

Q=0p (/1) = (6)
Then the electrokinetic force per unit solid volume F can
be represented by

IDS.E

8

In Equation (7), Sp/v, is replaced by the effective spe-
cific surface of solids Sy. The value of k in Equation (2),
frequently taken as 5 for incompressible cakes, may vary
for compressible sediments. If the value of k is, as a first
approximation, assumed constant, the effective specific
surface surface Sy may be dependent on porosity (Grace,
1953), and consequently F may vary through the settling
sediments,

For simplicity, the apparent specific weight of the solids
T, in which both the gravitational and the electrokinetic
forces are considered together, is introduced as

F=Q-E= (7)

r=(ps—p)g+F (8)
Combining Equation (1) with Equations (5) and (8),
we get
u=i._1_(r+_aﬁ) (9)
kps @ e

and substituting the above equation into Equation (3),
we get

0%ps 1 da ( dr) s }ap,
== T g | 4 L2
g a dps { da do | de

_ ( de ) _9ps
= bpa dps a0

(10)
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where it is assumed that both ¢ and « are functions of
ps alone. Boundary and initial conditions may be de-
scribed as

L. _
o= at =0 (1la)
Ps = po® at o = wg (11b)
Ps = Po at =0 (11c)

Equation (1la) is equivalent to the impermeable bottom
condition, that is, 9p./de = 0 as is apparent from Equa-
tions (5) and (8). Equation (1lc) indicates batch sedi-
mentation of a thickened slurry whose concentration is
initially uniform throughout its height. At the interfacial
surface of settling sediments, it can be assumed that no
compaction takes place, and the surface porosity may be
constant during the sedimentation process and equal to
the initial porosity of the original suspension. One can,
therefore, assume that p, = po® = p, at the surface of the
sediment where = wp. po denotes the value of p; corre-
sponding to the initial concentration of the suspension and
can be determined by the ¢ — p, data. It should be noted
that the assumption, that is, p; = po®* = po, is valid under
the limiting condition E < 30. When E is much larger
than 30, experimental results show that some compaction
takes place also in the upper portion of the sediments, and
Po” is not equal to po.

Equation (10) shows very poor convergence in its nu-
merical integration, especially at the initial stage of set-
tling. To overcome this difficulty, the following dimension-
less variables have been introduced:

1 (* 1
¢ = m—o o -F dps (120)
£ = w/wp (12b)
T = 6/6, (12¢)

Using the new variables, Equations (10) and (11) are
rewritten in dimensionless form as

.. . o de
C N ottt
(a) (b) T

Figure 2. Schematic diagram of final equilibrium height and solid
volume per unit area.
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and
0
—é%——l at £=0 (14a)
¢=0 at ¢=1 (14b)
=0 at T=0 (14¢)
where C, and C; are defined by
0 dp,
ot (-22)
#pswola de
(15)
wy da ( dar )
Ci=— — | I —a—
2= dp, " da

To solve Equation (13), numerical calculations based upon
the Runge-Kutta-Gill method were made by using an
electronic computer (FACOM 230-75 at Nagoya Univer-
sity Computation Center),

Compression Permeability Characteristics of Suspended
Solids

The compression-permeability cell method (Grace,
1953; Tiller, 1953, 1955; Okamura and Shirato, 1955)
has long served as a basic tool for research in cake filtra-
tion and expression. This method, however, is not ade-
quate for sedimentation analysis, as it cannot cover the
range of relatively low solid compressive pressures en-
countered in sedimentation analysis. In this study, com-
pression-permeability characteristics of suspended solids
are determined by using an alternative method presented
by Shirato et al. (1970).

Compression Characteristics

Suppose that a suspension containing net solid volume
per unit area wp settles in a vertical container as shown
in Figure 2a, and let H, be the final equilibrium height
of sediment. If the initial volume of the suspension is
increased by the volume duy, the final height of the sedi-
ment will become (H, + dH.), as shown in Figure 2b.
The total sediment AB in Figure 24 must be identical to
the partial sediment A’B’ in Figure 2b, and consequently
the solid volume in the part B’C’ may be dw,. Denoting
the thickness and the porosity of the part B’'C’ as dH.
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and ¢, respectively, one can obtain the following rela-

tions:
dwy

e=l-— (16)
ps = (ps — p)gwo (17)

It is assumed that the side wall friction between the solids
and the container wall is negligible.

In accordance with previous work (Shirato et al., 1970),
plots of the experimental H., — wo relation gives a linear
relation on log-log paper, and the following empirical
equation can be obtained:

H,= aa)ob (18)

Substituting Equation (18) into Equation (16) and
eliminating w, with the aid of Equation (17), we get

e=1- Bpf (19)
where
1
B= , B=1—D 20

& =g (%)
Settling experiments were carried out for various initial
heights of 4.11 vol 9 Mitsukuri-Gairome Clay suspen-
sion, and the final equilibrium heights H., vs. oy are shown
in Figure 3. The straight line in the figure indicates that
a = 8.42 and b = 0.899, and therefore B = 0.0498 and
B = 0.101. These empirical values in Equation (19) may

not be valid for very low values of p,.

Permeability Characteristics

Initial settling velocity of sediment surface vy in the
gravitational field may be used to determine the perme-
ability characteristics of the solids. At the beginning of
settling of a uniform solid-liquid mixture, p; equals a con-
stant po at any position in the sediment, and it becomes
apparent from Equation (5) that the initial gradient of
py satisfies the following equation:

0
() = (- p2g (21)
do /o

A combination of Equations (1) and (2) with Equation
(21) yields a relation between vy and kS¢? for a thickened
suspension of initial porosity e in the form

8(p, —

kSq? = Llo—rlg (22)

#oo(l — ¢)
Figure 4 shows the values of kS, determined by using
Equation (22) and experimental v, values of various

36
34 -
%o |InkSZ=-27.3€ +606 o 8 ‘\\j
e )
= | | o
I [
32— Consolidotion——————l % -
region i
B €it= 0966 | &
30 ! L ]
092 094 096 098 10

€
Figure 4. Permeability characteristic.
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Figure 5. vg1/485 ys, ¢,

initial concentrations. In the figure, e; denotes the limit-
ing porosity. Provided the value of the initial suspension
porosity is smaller than e, compaction of settling sedi-
ment will take place from the beginning of the sedimen-
tation process. The suspensions utilized in this study are
confined to the region of initial porosities smaller than e,
and the experimental results of kS¢? in that region, as
shown in the figure, may be approximately expressed by

k502 =C exp{b“(eij — e)} (23)

where b* = 27.3 [—] and C = 7.41 X 10 for Mitsukuri-
Gairome Clay suspensions.

Limiting Porosity

In their valuable contributions to sedimentation analysis
for flocculated suspension, Michaels and Bolger (1962)
postulated a structural model which assumes that basic
flow units are small clusters of particles called flocs, and
that these flocs group into clusters of flocs called aggre-
gates, They suggested an interesting method for estimat-
ing the mean size and the internal solid concentration of
the aggregates by using a modified Richardson and Zaki
equation (Richardson and Zaki, 1954).

Sedimentation behavior is classified into three types ac-
cording to the initial concentration range of suspensions.
Gotoh et al. (1968) and Shirato et al. (1970) determined
the limiting concentrations for the regions of these three
types of behavior with the aid of Equation (24), which
relates the initial settling velocity v, to the initial porosity
e of the original suspension, the average equivalent
spherical diameter d; of aggregates, and its internal poros-
ity e

d2 (p, — 1/4.65
0p1/485 = { Fi(fl(ie___# } (e0 — &) (24)

The above equation is essentially identical with that pre-
sented by Michaels and Bolger (1962). As far as the low
concentration (that is, high porosity) region is concerned,
the plots of the experimental data of ve!/4%5 vs. ¢ result
in a straight line, as shown in Figure 5. The abscissa in-
tercept and the slope of the straight line yield the values
of e = 0.966 and d; = 1.05 X 1072 em for Mitsukuri-
Gairome Clay suspensions.

The porosities ¢, and ey in the figure correspond to
porosities of the original suspensions equivalent to the
loosest packing and the closest packing of aggregates, re-
spectively, In the dilute concentration region (eo > ¢),
free or hindered settling may take place. In the interme-
diate concentration region (ey < ¢y < €), sedimentation
behavior becomes unstable owing to partial collapse of
aggregates. In the higher concentration region (e < «y),
no aggregate can exist, compaction takes place from the
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Figure 6. Particle size distribution determined by a light-transmission
method combined with sedimentation.

beginning of sedimentation, and settling behavior becomes
comparatively reproducible. It should be noted that Equa-
tion (13) is valid only for the suspensions of initial poros-
ity lower than e.

SEDIMENTATION EXPERIMENTS UNDER
ELECTRIC FIELDS

Experimental Apparatus and Procedure

The apparatus used for the sedimentation experiments con-
sisted of a Plexiglas cylinder of 5.0 cm inside diameter® and a
pair of top and bottom brass disk electrodes. The top electrode
disk is perforated so that the small amount of gas created by
electrolysis can be removed. Solid material used in this study
was Mituskuri-Gairome Clay (ps = 2.59 X 103 kg/m3), the
particle size distribution being shown in Figure 6.

The clay deionized water suspensions were prepared in the
higher concentration region where the initial porosity does not
exceed e, that is, 0.966. To attain sufficient formation of flocs,
the suspension in a beaker was agitated for about 30 min by
a stirrer. Air bubbles were removed by using a vacuum pump
for 5 min, and then the suspension was carefully poured into
a settling cylinder in a temperature controlled chamber. The
position of the top electrode was adjusted to contact with the
surface of the suspension, and a constant D.C. voltage was
applied.

Under conditions of various initial heights Ho, initial poros-
ities ¢, and D.C. voltages, sedimentation experiments were car-
ried out; the heights of the settling sediments H were mea-
sured with the lapse of the time # by using a scale fixed to
the cylinder or by an autocathetometer where necessary. After
60, 120, and 180 min, sedimentation experiments were stopped,
and porosity distributions in sediments were measured by
weighing.

Electric potential distributions through settling sediments

+were measured by using the apparatus shown in Figure 7. The

cylinder wall was provided with fourteen pin type of electrodes
(0.5 mm diameter platinum pins) arranged in a helical pat-
tern up the wall. Electric potentials based on the reference
electrode shown in Figure 7 were measured.

RESULTS AND DISCUSSION

In Figures 8a and b, the experimental results of nor-
malized sediment height H/H, vs. time 6 for various elec-
tric field intensities E, that is, the applied voltage divided
by the distance between electrodes, are shown. Settling

Gotoh et al. (1968) indicated that where the diameter of a Plexiglas
cylinder exceeds about 5 cm, the effect of side wall friction on settling
behavior can be neglected.
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— D.C. Power supply
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i, Disc electrode
2. Pin electrode
3. Reference electrode
4. 333N-KCl solution
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Switch box
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Figure 7. Apparatus for measuring electric potential distribution in
settling sediment.

velocities increase remarkably with increasing field in-
tensity. It can be seen from the figures that the lower the
initial height the stronger the electrokinetic effect. The
remarkable enhancement of settling velocity suggests the
possible application of electroforced sedimentation to
separations of solid-liquid mixtures of extremely low set-
tling velocities. The maximum electric current observed
in this study was only 3.0 mA.

Porosity distributions in the sediments were determined
after a lapse of 180 min from the beginning of sedimenta-
tion experiments and are illustrated in Figure 9 for vari-
ous E values. Except for the case where E = 30.2, re-
markable compactions are observed in not only the bottom
layers but also the upper portions of the settling sediments.
Variations of porosity distribution with time are shown
in Figure 10 for the case where E = 124, Hy = 0.16 m,
and ¢ = 0.942, Compaction in the upper portion has a
significant effect on settling velocity.

Variations of electric potential distribution in the
settling sediments were determined by using the apparatus
shown in Figure 7, and the experimental results are shown
in Figure 11. The dotted lines in the figure indicate the
sediment surfaces at various times. At the interfacial sur-
face layer of the sediment, the electric potential de-
creases very steeply, as seen from the figure. Consequently,
the electric field intensity at the surface layer becomes
much stronger, and a stronger electrokinetic force may act
on the solid particles in the surface layer and results in
a remarkable compaction of the upper portion of the
sediment, as shown in Figures 9 and 10. Strict analysis

095 ] I T | T T -
8=108x10%Cs]
E = 302 [v/m]
094 L— —
093 |- |
™/
A
Ho[m1 [I1ImA]
Yoozl 0 _
0.1657| 03
x loiezi] 1.0
091 | a l01582| 12 -
o [01620] 2.0
090 1 | | | LY |
0 0.04 008 012 016
x [m]

Figure 9. Effect of applied field intensity E on porosity distribution.
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Figure 8b. Variations of sediment heights (Hg ‘=. 0.16 m).

of such a phenomenon, however, necessitates further theo-
retical and experimental work.

Theoretical predictions based upon Equation (10) are
made for the cases where E < 30, that is, under condi-
tions where surface compaction does not take place. Now,
po® can be replaced by po, and the problem may be re-
duced to Equations (13) and (14).

T ] I I T I
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094 - —
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092 _1
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Figure 10. Time variation of porosity distribution.
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Figure 11. Electric potential distribution through a settling sediment.

To carry out numerical integrations of Equation (13),
one has to determine three characteristic values concern-
ing the so-called electric double layer, that is, its Zeta
potential, its thickness, and the dielectric constant of the
liquid. Fortunately, these values always appear in grouped
form as {D/8, as may be seen from Equation (7), which
can be evaluated by the following fitting method. By using
several presumed values of [D/§, the theoretical H/Hj vs.
¢ relations calculated from Equations (13) and (14) are
compared with an experimental result. As may be seen
from Figure 12, the theory shows good agreement with
experiment when {D/8 = 0.513 X 10~% vF/m2. As a first
approximation, it is assumed that {D/8 may be a constant
equal to 0.513 X 10~* for all experimental runs of the
same suspensions of equal concentration when E < 30.
On the assumption that {D/§ = 0.513 X 1074, theoreti-
cal calculations of both the variations of sediment height
and internal porosity distribution in settling sediment
compare fairly well with experiment in Figures 13 and 14,
respectively.
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Figure 13. Calculated and experimental values of H/Hg vs, ¢ for the
cases where s — 0.137.
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Figure 12. Determination of {D/5 by fitting method.

For a suspension of higher concentration (that is, ¢g =
0.903), the fitting method gives 1.77 X 10~* as the value
of ¢D/§, and the results are shown in Figure 15,

It is interesting to note that the {D/§ value of a sus-
pension changes with its initial concentration. This may
imply that the characteristics of the electric double layer
may vary when sediment compaction proceeds and may
not be constant through the sediment, a condition that
conflicts with the rough assumption assumed in this study.
Provided the mechanism of {D/8§ becomes clearer, more
rigorous calculations can be made for wider ranges of
concentration.

CONCLUSION

The consolidation mechanism in settling processes of
electroforced sedimentation for highly concentrated sus-
pensions is mathematically analyzed in view of the internal
flow mechanism of the fluid. A consolidation Equation
(13) of partial differential form and a force balance Equa-
tion (5) which gives the relation among the solid com-
pressive pressure ps, the excess hydraulic pressure py,
and the electrokinetic force F are newly derived. By set-
ting E and F at 0, the equations reduce to the usual
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Figure 14. Comparison of experimental and calculated porosity
variations for the cases where s = 0.137.
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Figure 15. Porosity distributions for the case where s = 0.219.

eomations of gravitational sedimentation due to consolida-
tion,

ror highly concentrated slurries of Mitsukuri-Gairome
Clay-water suspensions, electroforced sedimentation ex-
periments were carried out under various electric field
intensities E. It has become apparent that the settling rates
of sediments increase remarkably with increasing E. Re-
markable enhancement in settling velocities may suggest
possible industrial application of electroforced sedimenta-
tion.

On the basis of the compression-permeability data de-
termined by a settling method, numerical integrations of
Equation (13) were performed under various conditions.
Fairly good agreement between theory and experiment is
shown for cases where E < 30. In addition, it was found

experimentally that when E 30, consolidation of the

upper portions of settling sediments does occur and that
electric potential distributions show a steep decrease at
the surface layers of settling sediments,
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NOTATION

a empirical constant, m!~?

b = empirical constant

b®* = empirical constant

B = empirical constant, (N/m?) —#

C = empirical constant, 1/m?

d; = mean diameter of aggregate, cm

D = dielectric constant, F/m

e = local void ratio

E = intensity of electric field, that is, the applied
voltage divided by the distance between elec-
trodes, v/m

F = electrokinetic force acting on unit volume of
solids, N/m3

g = gravitational acceleration, m/s?

H = height of settling sediment, m

Hy, = initial height of sediment, m

H. = final equilibrium height of sediment, m

k= Kozeny constant

pL = local hydraulic pressure, N/m?

pPs = local solid compressive pressure, N/m?
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po = ps value corresponding to initial porosity, N/m?

po® = ps value at the interfacial surface of sediment,
N/m?

Q = electric charge per unit volume of solids, C/m?

Q, = electric charge per particle, C

s = mass fraction of solids in slurry

Sy = surface area of one particle, m?

So = specific surface area of particles, m?/m3

T = dimensionless time defined by Equation (12¢)

u = apparent liquid velocity relative to solids, m/s

vy = initial settling velocity of surface of sediment, m/s

vy = volume of one particle, m3

x == distance measured from the bottom of sediment,
m

Greek Letters

« = local specific resistance, m/kg

B = empirical constant

I' = apparent specific weight of solids defined by
Equation (8), N/m?

) = thickness of electric double layer, m

¢ = local porosity

& = Internal porosity of aggregates

¢, = porosity of original suspension equivalent to the
loosest packing of aggregates

ey = porosity of original suspension equivalent to the
closest packing of aggregates

€0 = initial porosity

4 = zeta potential, V

0 = settling time, s

6o = proper time for normalization, s

I = viscosity, kg/m s

£ = modified dimensionless distance expressed in
solids fraction as defined by Equation (12b)

p = density of liquid, kg/m3

ps = density of solids, kg/m?

¢ = local value of reduced solid compressive pressure
defined by Equation (12a)

o = variable for representing an arbitrary position in
sediment, that is, volume of solids per unit cross-
sectional area measured from the bottom of sedi-
ment, m

wg = total volume of solids per unit cross-sectional area,
m
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The Growth of Competing Microbidl

Populations in a CSTR With
Periodically Varying Inputs

The operation of a periodically forced chemostat (CSTR) in which two
microbial populations compete for the same nutrient has been examined.
Easily implemented criteria for the stability of the resulting cycles have
been obtained, using the Floquet stability theory. After examining several
possibilities it was found that stable periodic trajectories of coexistence can
be achieved: (a) when the dilution rate of the chemostat is properly varied
in a periodic manner between two values so chosen that the growth of one
population is favored by the first and the growth of the other population is
favored by the second, (b) when a certain percentage of biomass and grow-
ing medium is harvested periodically from the chemostat, and (c) when both
the dilution rate and the concentration of the substrate in the feed are varied
simultaneously and in a periodic manner.

SCOPE
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Both experiments and theories of growth show that
competition of two populations for a single limiting nutri-
ent leads to extinction of one of the populations, if they
are grown in a spatially uniform environment that is
subject to time-invariant external influences. This state-
ment, or rather a less cautiously worded version of it, is
known as the “competitive exclusion principle,” (Hardin
1960). Its validity and applicability have been the sub-
jects of much discussion among researchers.

Some recent theoretical work based on models that give
good description of the growth of microbial populations
shows that the restricted version of the competitive exclu-
sion principle given above must be modified if more than
one nutrient is limiting. Thus, Taylor and Williams (1975)
suggest that n competing populations can coexist with
each other if a set of at least n nutrients is limiting. Simi-
larly, Schuelke (1976) shows that two populations could
coexist if the sets of limiting nutrients for the two popula-
tions overlapped only pariially, In spite of these develop-
ments, it remains true that reduction of system diversity is
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neering, California Institute of Technology, Pusadena, California 91125.
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the usual outcome of competition in spatially uniform
systems subject to time-invariant influences.

Several schemes for sustaining microbial competitors in
the same environment have appeared in the literature be-
cause of the importance of competitive interaction in prac-
tical applications involving microbial activities. One of
the most common is that external influences are not time
invariant but that they vary so as to provide an environ-
ment in which the competitive advantage alternates be-
tween the two populations. Unfortunately, all the above
schemes have been based on non-mathematical arguments
and there is no assurance that a proposed scheme of time
varying external influences will, in fact, allow competitors
to coexist.

This study examined the effect of periodically varying
inputs to coexisting competing microbial populations which
grow in a continuous, well stirred vessel, usually referred
to as chemostat. Criteria for the stability of the proposed
cycles and examination of the effect of some operating
parameters on their stability characteristics are based on
Floquet stability theory. The results can be useful in estab-
lishing patterns of operation of a CSTR which can sustain
the coexistence of microbial competitors and also in pro-
viding useful information about their coexistence in natural
ecosystems.
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